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^^ We study at quantum level correlators of supersymmetric Wilson loops with contours lying 

on Hopf fibers of S*^. In AA = 4 SYM theory the strong coupling analysis can be performed 
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l/~) using the AdS/CFT correspondence and a connected classical string surface, linking two different 
(N 

fibers, is presented. More precisely, the string solution describes oppositely oriented fibers with 

-(_> the same scalar coupling and depends on an angular parameter, interpolating between a non- 

flA^ BPS configuration and a BPS one. The system can be thought as an alternative deformation of 
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the ordinary antiparallel lines giving the static quark-antiquark potential, that is indeed correctly 



V^J reproduced, at weak and strong coupling, as the fibers approach one another. 

cn 

en 

o 



X 



I. INTRODUCTION 

The Wilson loop is one of the most important observable in gauge theories and it has been 
suspected for a long time that its dynamics should have a natural description in terms of 
strings. The AdS/CFT correspondence provides a concrete realization of this idea: the 
quantum expectation value of Wilson loops in TV = 4 Super Yang-Mills theory (SYM4) can 
be computed by means of the partition function of the type IIB string in AdS^ x 5*^, satisfying 
suitable boundary conditions [TH3]. Considering U{N) as the gauge group and denoting the 
coupling constant by g, the large A^ and strong-coupling A = g'^N limit is equivalent to a 
semiclassical approximation and the computation reduces to find the minimal area surfaces 
in AdS^ X S^, with boundary conditions imposed by the Wilson loop operators. 

In addition to the familiar interaction with the gauge field, Wilson loops in SYM4 naturally 
contain scalar fields coupled to the contour, a presence that can be easily traced back 
from both sides of the correspondence [lH3]. It turns out that for suitable choices of the 
scalar couplings, as functions of the loop variables, the resulting Wilson loop appears to be 
super symmetric, i.e. invariant with respect to some of the supersymmetry transformations 
of the theory. A general class of such operators was proposed by Zarembo |1] and have 
trivial expectation value. A second family of supersymmetric Wilson loops (that we denote 
as DGRT), having instead a non-trivial dependence on the gauge coupling constant, was 
constructed in [5] , the well studied circular loop |6l [7] being a particular representative of 
this ensemble. The contours lay, in general, into a sphere S^ embedded into the Euclidean 
M^ and the operators are generically 1/16 BPS. The maximal supersymmetric configuration 
is the 1/2 BPS circular case, whose exact expectation value is captured by a Gaussian matrix 
model P, [7] as result of a localization procedure [8j. When restricted on S*^ the loops are 
at least 1/8 BPS and a tight relation with two-dimensional Yang-Mills theory on the sphere 
has been observed |5l [914T5] . Recently a systematic classification of supersymmetric Wilson 
loops invariant under at least one superconformal symmetry has been presented ^U\: weak 
and strong coupling computations for some new loops appear in [17j . 



Supersymmetric Wilson loops are important objects to study for many reasons. For example, 
they provide non-trivial tests on the validity of the AdS/CFT correspondence: due to their 
BPS nature, one can hope to obtain exact results in the gauge theory to be compared with 



the strong coupling predictions on the string side. For the 1/2 BPS circular loop the exact 
quantum field theoretical result is indeed reproduced by the classical string computation 
[SI E], while the first subleading term was checked in [IB]. More recently the same limit 
has been performed, starting from the matrix model obtained by localization in [8|, for the 
BPS circular loop in A/" = 2 Superconformal QCD, suggesting a logarithmic behavior of 
the effective string tension on the 't Hooft coupling [19]. On the other hand, also non- 
supersymmetric configurations are of great importance. For instance, as is well known, the 
non-BPS antiparallel lines allow to define and compute the static quark-antiquark potential 
[H 121 1201 [21] and the strong coupling limit can be carefully studied at subleading level 
[221 [23|. More recently a generalized configuration [21], interpolating between BPS and non- 
BPS operators, has been introduced and studied both at weak and strong coupling level: in 
this framework a new non-supersymmetric observable can be defined and exactly computed 



Configurations involving more than one circuit at once (usually two) define Wilson loop 
correlators. These objects are also very interesting since they carry information about loop 
interactions: on the string theory side of the correspondence there is the very suggestive pic- 
ture that a connected correlator is described by a minimal area surface linking the boundary 
loops [28]. At QFT level, OPE provides an useful tool to study their operatorial content 
[29] [30] while BPS correlators have been helpful in checking the correspondence among 
DGRT loops on S"^ and two-dimensional Yang-Mills [T^j-fH]. Due to their more complicated 
geometry, Wilson loop correlators are much more difficult to face, in gauge theory as well 
as in string theory. When they can be handled, they reveal a rich phenomenology: for 
example, the correlator of two parallel and concentric circles exhibits at strong-coupling a 
sort of phase transition, the so-called Gross-Ooguri phase transition [281 [SB [32] . 

Due to the simple geometry, the most studied correlators involve (anti-)parallel lines and 
circles inside S'^. An interesting topologically non-trivial configuration involving great circles 
is provided by the Hopf fibration of S^: the non-intersecting S^ fibers are in fact "pierced" 
together in such a way they cannot be separated. The Hopf fibration has been introduced 
in the context of Wilson loops in [5], and it can be naturally considered within the DGRT 
construction: supersymmetry is also preserved when all the fibers in the same fibration 
couple the same scalar field with constant coupling. Quite surprisingly the relevant gauge 



theory propagator between any two points on any two fibers is constant, in Feynman gauge: 
this suggests that the correlator of any number of Hopf fibers is captured by the same matrix 
model of the 1/2 BPS circular loop, with different insertion, if interacting diagrams do not 
contribute. Conversely we would expect that the large A^, strong-coupling result should 
be described, at string level, by disconnected world-sheet configurations. While in general 
there is no reason to believe that interacting diagrams do not contribute, this fact holds true 
for a single great circle due to its BPS nature: it is natural wondering whether the same 
simplification occurs also for the BPS configuration involving two Hopf fibers. 

In this paper we have tried to give an answer to this question from the string theory point 
of view, namely we have studied whether a connected minimal area surface connecting 
two Hopf fibers is subleading with respect to the disconnected solution, or if it does not 
exist at all. While we have been able to give only a partial answer to this problem, we have 
found an interesting connected non-BPS string configuration solving the equations of motion 
with the appropriate boundary conditions. Geometrically, the found solution describes a 
connected surface linking the Hopf fibers, and it turns out to have smaller area than the 
disconnected configuration. Moreover, an interesting dynamics resembling the Gross-Ooguri 
phase transition appears: the connected solution depends on the fiber angular separation 
in the Hopf base S"^ and when the fibers have maximal angular separation, the connected 
solution degenerates into the disconnected one. As soon as the separation is smaller, the 
connected solution is distinct from the disconnected one and it has smaller area than the 
latter. As we will explain in details, the surface describes antiparallel Hopf fibers with the 
same scalar coupling and hence gives rise to a non-BPS configuration: we will argue that the 
BPS configuration involving two antiparallel Hopf fibers (with the correct scalar coupling) 
does not admit any connected string solution, and presumably the parallel fibers neither. 

Interestingly enough, the surface associated to the maximal separation is indeed BPS, hence, 
by moving the fiber angular separation, our solution is able to continuously interpolate 
between non-BPS and BPS configurations. Moreover, as we will see, the connected world- 
sheet provides a string description of a system which can be thought of as a deformation 
of the ordinary antiparallel lines (in the sense explained in the text), representing a sort 
of deformation of the usual static quark-antiquark potential. We remark that these same 
topics have been recently discussed in f23| for the case of the circular loop and antiparallel 



lines. 

The paper is organized as follows. In order to fix some notation, we are going to continue 
this introduction by briefiy reviewing how DGRT Wilson loops are defined, the geometry 
of the Hopf fibration and the AdS/CFT prescription to compute Wilson loop expectation 
values, tools we will need for our computations. In sec. [TT] we will present the derivation 
of the minimal area surface in AdS^ x S^ satisfying the desired boundary conditions. In 
sec. Ill we will study the properties of the connected solution in the case of constant (no 



motion in S^) and non-constant (motion in S^) scalar couplings. In sec. IV we will discuss 
the supersymmetry of the solutions we found. In sec. |V] we will explain how the found 
solution should be interpreted from the gauge theory viewpoint, explaining its relation with 
the quark-antiquark potential. We will check at perturbative level the consistency of our 
interpretation. In sec. |VI| we will summarize the results, making some comments on the 
open questions and the directions worth to be studied in the future. 

A. The DGRT Wilson loops 

The relevant Wilson loop operator in SYM4 is given by pji3j (in Euclidean signature) 
W{-f,9) = TrPexp (i (f dt (x''{t)A^{x{t)) - iy\t)^j{x{t)i 



(1) 

dy^ = \x{t)\e{tYdt, e\t) = i, 

where A^ is the gauge connection, 0/ are the six scalars of the JV = 4 vector multiplet, x'^ 
are R^ coordinates and 0\t) are R^ coordinates parameterizing a path in S^ along the loop 
7 C R^ with parameter t. 

We would like to consider space-time paths lying on some S^ embeddeq^ into R"^. One 
can construct a generalized gauge connection involving the scalar fields using SU{2) right- 
invariant 1-forms: in Euclidean coordinates x^, constrained by x^ = 1, they are given by 



a* = 2a;^xMx% i = 1,2,3, /i, z/ = 1, 2, 3,4 



%■ = e^ , ^^4 = -di , e =1. 

^ S^ can also be seen as a fixed time slice of the compactification R x R'' ^ K, x 5'^ . 
^ We follow the conventions of [5]. 



(2) 



A DGRT Wilson loop is defined by assigning the scalar couplings 



iji = \x\e^ = -x^^a'^^x^M/ ^ dy^ = -a'M/, (3) 
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where the constant 3x6 matrix Mn is norm preserving i.e. it satisfies 

M/M^j = S,j. (4) 



We immediately see thaln |xp = ||/^|. As shown in 0, a DGRT loop is generically 1/16 
BPS and supersymmetry is enhanced for particular contours. For example, the familiar 1/2 
BPS circular loop, defined by 

x^^ = (cost, sin t, 0,0), te[0,27r], e\t) = 6i, (5) 

belongs to this class, the pullback on the loop of the right-invariant 1-forms being 

ai = as = , as = 2dt, (6) 

yielding a constant coupling to (j)^ only. Its exact quantum expectation value is known: in 
Feynman gauge interacting diagrams do not contribute, while the constancy of the combined 
gauge-scalar propagator on the loop 



g'^S^'' \xi\\x2\ei92i - ii ■ X2 _ g'^5^'' 
Att'^ (xi — X2y Svr^ 






allows to sum up all the ladder diagrams, giving the following matrix model representation 

PE! 

{W{S'))= l"^TT^expf~TTMA , Z= f V M exp f-'^Ti mA , (8) 

where M is a constant N x N Hermitian matrix. In particular, in the large N, A limit one 
has 

{W{S^)) ~ J-X~^/^e^. (9) 

The same matrix model has been obtained in [S] by formulating the theory on S^ and 
applying a localization procedure to compute exactly the path- integral: actually, in the 
same paper, a much more general matrix integral has been derived for A/" = 2 superconformal 
theories, including non-trivial instanton corrections. 



^ Because of the SO{Q) symmetry, one can consider M^^ = Sj. 

^ For a discussion about the origin of this constraint see for example [3] . 



B. The Hopf fibration 



From the geometrical point of view S^ can be described as a non-trivial S^ bundle over 
5^: the construction is known as the Hopf fibration. Its structure becomes transparent by 
parameterizing S^ C R^ b}Q(^,0,V^) G [0,7r] x [0, 27r] x [0,47r] 
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and projecting with the Hopf map n 
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The projection reveals that {6, 0) parameterize the base S"^ while ip the fibers S*^, which are 
non-intersecting great circles inside S^. 
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FIG. 1. The stereographic projection of S^ onto E,'^ representing the Hopf fibration. For simphcity, in the 
picture are shown the fibers at = const., lying on a torus. Points of the same color correspond to the same 
value of tp. 



We will refer to these angles as Hopf coordinates. 



The Hopf fibration has been introduced in the context of supersymmetric Wilson loops in 
[H] . By expressing the right invariant 1-forms in Hopf coordinates 

o"i = — sin tpdO + cos tp sin 6d(f), 

o"2 = cos 'ipdO + sin ip sin 9d(f), (12) 

(73 =dip + cos ( 



we can see that all the fibers in the same fibration couple to the same scalar. In fact, at 
constant {9, 0) we have 

(Ti = (T2 = , a^ = dip ^ as = 2dt , ip{t) = 2t, te [0, 27r] (13) 

as in (|6]). Remarkably the loops share half the supersymmetries of a single circle, the system 
being effectively 1/4 BPS. The corresponding preserved supercharges will be essentially the 
same as the ones associated to the 1/2 BPS maximal circle, except that only one chirality is 
selected [5] . It is therefore natural to expect that correlators of Hopf fibers should be exactly 
computable, due to their BPS character. At perturbative level we observe another peculiar 
feature pointing in this direction, namely that in a configuration made of Hopf fibers, the 
gauge-scalar propagator (in Feynman gauge) between any pair of points Xi, X2 on any fiber 
is the same constant as in ([T]). As pointed out in [S], this implies that all the ladder diagrams 
contributing to the correlator of n fibers are summed up by the same matrix model of the 
1/2 BPS circle (IS]), but with a different insertion 

(V,(„,),_./^(l££!!)"e.p(_?^T.M=). (14) 

As mentioned in the beginning, in the large A^ limit the ladder correlator will be the same as n 
non-interacting circles, and it will be reproduced at strong coupling by n disconnected string 
surfaces. The absence of dominant connected configurations would be a stringy support to 
the conjecture about the exactness of the matrix modePlfor the Hopf fibration [5]. 



This conjecture is also supported by the cancehation of the lowest order diagrams containing interactions 



C. The string description of Wilson loops in AA = 4 SYM 

The AdS/CFT prescription to compute the expectation value of Wilson loops, originally 
proposed in Pfl[2] , can be schematically described as 

{W{C)) = Z,tnng[C] = / DXe-^^t^l , C = (7; ^), (15) 

JdX=C 

where 5* is the string action in the AdS^ x 5*^ background and X represents all the string 
coordinates. The sum over the string world-sheets is taken over those ending on the loop 
7 C dAdS^ and lying along 9 & S^ (at the AdS boundary) . These boundary conditions arise 
in a natural way by considering the 10-dimensional nature of SYM4 (see |3] for a detailed 
derivation). 

The string action is given by a non-linear sigma mode|j namely 

S[X] = ^f d'a^r'GMN{X)daX^'dtX'' , X^' e AdS^ x S', (16) 

where a"- are world-sheet coordinates, ■jab is the world-sheet metric and G^/Ar(X) is the 
AdS^ X S^ metric: the action is classically equivalent to the area functional. Using the '-fab 
equations, that is the vanishing of the world-sheet energy-momentum tensor 

= -47r^^ = Tab = Kb - \labl'''h^ , hab = GMiv(X)9„X^^9,X^, (17) 

the action becomes 

S[X] = ^A[X] = ^ J d'aVh, (18) 

where hab denotes the induced metric on the world-sheet. In the large N limit, the expec- 
tation value of a Wilson loop at strong coupling is computed as a classical solution of the 
string equations (i.e. the minimal area surface) in AdS^ x S^ with the boundary conditions 
imposed by the loop and the scalar couplings 

(iy(7,0)) ~e-^^--[^'''l. (19) 

In the next section we are finally going to face the problem of finding a minimal string 
surface ending on a pair of Hopf fibers. It is worth to outline the strategy: 



^ The original derivation of the fuh action can be found in [34,. We are interested just in the leading 
semiclassical approximation of the path-integral, where the fermions can be taken vanishing. We display 
therefore only the bosonic sector of the full action. 



We will begin by writing the AdS^ x S^ sigma model employing a coordinate system 



adapted to the Hopf fibration ( 10 ) 



- We will give a natural ansatz based on the Hopf fibration and AdS^ x S^ geometries. 
This allows us to simplify the problem. 

- We will verify that the ansatz gives a consistent solution, and we will discuss its 
properties. 

II. THE STRING DESCRIPTION OF HOPF FIBER CORRELATORS 

We will work in the conformal gauge, namely we will consider world-sheet coordinates such 
that a/77"^ = S""^ (Euclidean signature). Then the equations Tab = must be imposed as 
constraints (Virasoro constraints) 

I- ^11 = - (^11 - ^22) = -^22 = 0, 

2 (20) 

II. Ti2 = /ll2 = 0, 

while the X^ equations describe a geodesic-like motioqj in AdS^ x S^. Thanks to the 
product geometry of the target space, coordinates where Gmn is diagonal with respect to 
the factor spaces can be chosen, namely 

G,MX)=('^"-''^ " V (21) 

V Gf,(e) J 

where p"^, G^^ are coordinates and metric on AdS^, and 6^, Gfj are coordinates and metric 
on S^ . The world-sheet energy-momentum tensor and the induced metric receive separate 
contributions from the two factors, ending up with two distinct sigma models 

o2, rS 



(22) 



•S* = Sacis + Ss , SAds = 2~ / ^^^ ^ '^^ ■, ^3 = J- d^a C 

which must be solved with the following boundary conditions (schematically) 

pldAds = 7 > Q\dAds = 0. (23) 



We mean that the lines cr^ = const, or a^ = const, are geodesies of the target space. 

10 



However, the systems are still interacting through the Virasoro constraints 



= Tab = Ti''^ + Ti => Ti'^^ = -T,^ 



" ab ab 



ab 



(24) 



and through the world-sheet coordinates, which must be the same on both the factor spaces. 



A. ^^5*5 motion 



We will work with AdS^ in global coordinates 



r, p, fi^ /i=l,2,3,4 

r G (—00, +00) , p G [0, +00) , f2^ = 1, 

where the metric takes the form 



(25) 



^^Ads — cosh^ pdr^ + dp^ + sinh^ pdr23. 



(26) 



In this coordinate system the AdS boundary is mapped to p — ?■ 00. Moreover, since the 
3-sphere at infinity parametrized by Q'^ is naturally identified with a fixed time slice of the 
global AdS boundary R x 5*^, we will employ a coordinate system adapted to the Hopf 



fibration (10) 



n' 



9 ij- 

sm - sm 

2 2 

e . i/j + cj) 



ri = cos - sin 



i I = sm - cos — 

2 ; 



(27) 



fi = COS - cos 



The S^ metric dfig reads as 



dfi2 = (d^2 ^ ^^2 + d^2 ^ 2 cos^d^d^) , 
so that the AdS^ metric with respect to (p™; m = 1, . . . 5) = (r, p, 9, 0, ip) is given by 



(28) 



/ 



G 



AdS 



cosh^ p 



1 



\ 



sinh p 
4 



1 cos6' 
cos 6* 1 



(29) 
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We will take the world-sheet coordinates to be a"- = (t,s); differentiation with respect to 
t and s will be denoted by a dot and a prime respectively. The form of the AdS^ metric 
suggests the following notation 

(^AdS 

\v\% = g^^v'^v'' , gmn = ^^, m,n = 3,4,5 (30) 

smh p 

gmn representing the metric tensor nof S^. By setting v = {9, (p,'ip), the induced metric h'^'^^ 
is explicitly given by 

h^^'^ = f^ cosh^ P + P^ + l^'lla sinh^ p, 

hff = tt' cosh' P + PP+ ^^"^ {00' + 0'(0 + ^ cos ^) + ^'(^ + cos ^)) , (31) 

h^f = r'2 cosh' p + p^ + \v'\ls sinh' p. 

B. S^ motion 

We begin by considering the 5-sphere parametrized by G R®, 0' = 1. As far as DGRT 
loops are concerned, we can limit to consider a non-trivial motion in a subspace S*' C 5*^ 
[5] . By setting 0^ = 0^ = 0^ = and parameterizing the relevant sphere S"' C S^ as 

01 = cos/3, , 02 = cos a sin f3, , 03 = sin a sin /3, (32) 

the S*' C S^ metric is given by 

G'=(^ I (33) 

\^ sin'/3y 

and the induced metric h^ reads as 

/ifi = /3' + sin'/3d' = |e||., 

hf^ = P(3' + sin' Paa', (34) 

hi, = P" + sin (3a" = \e\l2, 
where we have set {^^]i = 1,2) = (/3, a). 



gmn transforms as a tensor with respect to coordinate changes of the form 

(r, p, n) ^ (r' = t'{t, p), (J = p,n' = n\rt)) 

In particular, it is a tensor with respect to reparameterizations of S^. 
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C. AdS^ ansatz and boundary conditions 

In order to make manageable the sigma model equations, we tailor an ansatz inspired by 
the Hopf fibration and AdS^ x S^ geometries. In this way we will be able to find a classical 
solution to the equations of motion and verify that the boundary conditions are satisfied. 
We will consider separate ansatz for the AdS^ and S^ motions, examining any compatibility 
conditions later. 

In the given coordinate system, the variable ip describes a Hopf fiber, and we can consider 
ip as the loop parameter on the AdS boundary. Since each point of the base S"^ determines 
a unique fiber, we look for a solution having the asymptotic form 

p —)■ oo , T = const., 

(35) 
6 = const. , = const. , ipit) = 2^ , t E [0, 2tt], 



where A; G Z is a constant denoting the winding number of the loop around the fibei ^° We 
recognize a situation similar to the 1/2 BPS circular loop or to the correlator of parallel 
circles, where one of the world-sheet parameters (t) is taken to be the angular coordinate 
describing the circle(s). In those cases, the surfaces are simply obtained by taking the radial 
coordinate p as a function of the other parameter (s) and allowing an s-dependence only for 
the global time r. However, in the present case this certainly cannot work since we would 
like to find a connected solution linking two fibers in the same fibration. Since two fibers 
are surely at different points of the base S"^, we let the base angle 9 and depend on the 
surface parameters. For this reason, our AdS^ ansatz is 

t = t{s), p = p{s), e = e{s), (j) = (f){s) 

(36) 

ilj = tlj{t,s) = 2kt + r]{s), tG[0,27r], sG[si,S2] 

where we have allowed ip to have a simple s-dependence to treat the S^ angles on equal 
footing. The ansatz above must be considered together with the boundary conditions 

lim p(s) = +00 , 6^(51,2) = 611,2 , 0(^1,2) = 01,2 (37) 

S->Sl,2 



where (6^1, 0i) and {62, 02) represent the two fibers over the respective points of the base S 



2 



For us fc = ±1. However, we are not going to specify it. 
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As far as Wilson loop correlators are concerned, a typical feature is the existence of a turning 
point for the extension of the surface into the AdS interior, namely a minimal value po > 
for the radial coordinate. In our case, the radial coordinate is a function of one parameter 
only (s), so that the turning points are determined by the minima of p{s) 

p'(so) = 0, po = p{so) (38) 

We expect that the connected surface will start on one fiber in the AdS boundary at s = Si, 
reaching a turning point at s = Sq, and then will come back towards the boundary on the 
other fiber at s = S2. 



D. S^ ansatz and scalar couplings 

As previously stated, for DGRT loops we can limit to consider a motion in S"^ C 5*^ (in fact, 
at most three scalars are turned on, parameterizing a 2-sphere). In the following, in order 
to avoid possible confusion between the Hopf base S"^ and 5*^ C 5*^, we will often refer to 
the latter 2-sphere simply as 5*^, having in mind that the dynamics is actually developing 
in the S^ C S^ subspace. Since the scalar couplings are given by 

ai = CT2 = , (T3 = d^ ^ CT3 = 2kdt, (39) 

the S^ parameters 6^ in the gauge theory are the same constant for parallel fibers or differ 
by the sign for antiparallel ones 

^ = e\t) = sign{k)Si. (40) 

For parallel fibers the string surface can sit entirely at one point of S^. In this case the 
5*^ motion is trivially solved by constant values of a, /3. Instead, antiparallel fibers sit at 
antipodal points of S^ at the AdS boundary, and a motion in S^ joining them is needed. We 
will consider the simplest situation, namely a geodesies motion in the parameter s. Without 



loss of generality we can set 



11 



a{s) = ao ) /3(s) = /3o + c(s — Sq) , c = const. G R, (41) 



This solution is analogous to the S^ ansatz considered in 

14 



where ao, (3o, sq are constants determining the boundary values of the 5"^ angles, and l^'Hs 



c . We can see that the T components are constant and given by 



nS ^ rpS 



7^11 = -^, 7^12 = 0, (42) 



whereas c^ = when there is no S^ motion. 



E. General analysis of the motion 

By plugging the AdS^ x S^ ansatz into the induced metric h = h"^^^ + h^ , we get 

hii = k'^ sinh^ p, 
/ii2 = ^sinh2p(r?' + 0'cos5), (43) 

I, /2 I I /|2 -1,2 I /2 1 2 I 2 

fT'22 = P + \v \s3 smh p + T cosh p + c , 

so that the sigma model is now reduced to a 1-dimensional system. Since drC^'^^ = d^C'^'''^ = 
dfjC^'^^ = 0, we can easily obtain three constants of motion and a first integration of the 
r, 0, 1] equationq^ 

1 2 / / T 

T : cosh pr = c^- ^ t = 2~) 

cosh p 

(f) : sinh^ p(0' + cos Orj') = c^, \^) 

7] : sinh^ p{ri' + cos 6*0') = c^. 

Moreover, as it can be inferred from the form of C^'^^ 

the variables (^, 0, 77) describe a geodesic motion in S'^ in the parameterization 

1^153 ex . ^ (46) 

smh p 



namelj- 
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v""" + r™ (^=^)t;'"t;"= = t;""9. In ^-^ (47) 

sinh p 
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We will denote by c... a generic integration constant. 

1 cose -p0 ^Q3^ _ -r'0 I Q'i\ 

2 sing ' -^ evW J — -L e^w -< — 2 sin 9 ' -^ 01^ v^ ; — 2 



"r^,(^^) = rL(5^) = ^ff|, r^^(^^) = r,^.(5^) = -2in. r^j53) = i3i,, 



15 



and then we can set 



c: 



,2 



l^'lla = -^. (48) 

smn p 



Therefore it is useful to work out exphcitly only the p equation 

p : p" = sinhpcoshp (/c^ + |f'||3 + r'^) . (49) 

Now we have to verify the compatibility of the ansatz with the Virasoro constraints: the 
first one is T^"^^ = c^/2, which reads 

2Tif ^ = sinh^ p {e - \v'\%) - p" - cosh^ pr'^ = c\ (50) 

It encodes almost all the dynamical informationrj By differentiating T^^^ = c^/2 with 
respect to s we get 

= p' (sinhpcoshp (P + \v'\l, + r'^) - p") + 

A \ (51) 

— I - sinh^pc^slf'lla + |t>'||3(9sSinh^p J , 

where we have used the r equation. The p equation requires the vanishing of the second 

term, namely 

ds{smh^ p\v'\s:i) = ^ \v'\ss = ^, c„ > (52) 

sinh p 

which is compatible with the geodesic motion in S^ previously described. At this point 
we can see how an arbitrary 5*^ motion could spoil our AdS^ ansatz: dsTf^ ^ would be 
incompatible with \v'\s'i oc 1/sinh p. The second constraint T^^^ = reads instead 

T-L^'^5 = - sinh^ p (r/' + cos Ocp') = 0, (53) 



which simply states that the r] equation (44) is satisfied with Crj = 0. In order to have p ^ 
we must impose 

r/' + cos^0' = O (54) 

and hence the dynamics can be entirely expressed in terms of the base angles. Actually, 



only one angle is dynamically independent since (44), (46), ( |54[ ) yield 

<!>'= ■ ,"\. , H|3 = ^(^'^ + 0'^sin2^) = ^, (55) 

sm t7smh p 4 smh p 

9" = Z"^' , f sin^ 9-$-]. (56) 

sin^^sinhVV 4c2y ^ ' 

We observe that the second Virasoro constraint acts as a projection on the base, and then 
{9,(f)) describe geodesies on a 2-sphere. 

^^ In fact, it is the vanishing of the "energy": E — p'^ — sinh^ p (/c^ — l^'l^a) + t'^ cosh^ p + c^. 
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III. STRING SOLUTIONS 

A. Single fiber: 1/2 BPS circular loop 

As a byproduct of the previous analysis, we can derive the well known result |2S] of the 1/2 
BPS circular loop, which is simply the case of a single Hopf fiber. This result will be useful 
in the following. 

As remarked in the previous section, constant scalar couplings allows to consider a surface 
sitting entirely at one point of S^ (at least in the case of a single loop), and in our case this 
translates into c^ = 0. Let us consider r' = 0, that is c,- = (i.e. the surface will lay at a 
constant global time slice). Since we do not need a surface connecting different fibers, we 
set also Cy = 0, i.e. 9' = cp' = rj' = 0. The p equation reads therefore 

p'^ = k"^ sinh^ p ^ p' = ±\k\ sinhp, (57) 

and the induced metric is given by 

(k^ sinh^ p \ 
58 

Since p'{s) has a definite sign in each (equivalent) branch, we can consider p as a new 
parameter and the well known AdS2 geometry is manifestly recovered {k"^ = 1) 

ds^ = sinh^dt^ + dpi (59) 

The function p(s) is computed easily 

p(s) = 2tanh-^(e^(^-^-)), (60) 

but we do not need its explicit form to determine the area, which is given by 

Ai = dtds vh = / dtds p sinh p 

= / dt / dp sinhp = 2tt ( cosh 1 1 , e' — )■ 0, 

Jo Jo V e' y 

where we have considered the usual cutoff e' to regularize the boundary divergence. The 
regularized and finite area k^^ 

Af = -27r. (62) 

^^ Instead of the area functional, we should consider a Legendre transform [5]. It can verified that the two 
results agree. 
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The single circle solution is extended immediately to a solution describing a set of n in- 
dependent minimal surfaces by simply letting the fiber constants {9, (p) to belong to a set 
of distinct n pairs {{9i,(f)i);i = 1, . . . , n}: this is the string description of the disconnected 
correlator of n Hopf fibers. In particular, the disconnected correlator of two Hopf fibers is 
described by two copies of the surface found above, whose area will be 2y4f = —Ait. 

B. Two fibers: Hopf fibers correlator 

In order to find the connected contribution to the correlator of two Hopf fibers, we have to 
allow a smooth motion between two different fibers. Therefore we will takq^j 

\v'\s^ = -^ , \k\p^c,> 0. (63) 

smh p 

Keepin^^ r = 0, the p equation is 

p'^ = k'^ sinh^ p I 1 J— 1 — k'^c'^ = k— (sinh"^ P — <? sinh^ p — p^) , 

\ sinh pj sinh p 



p" = k"^ sinh p cosh p I 1 ' 



2 



(64) 



sinh^p^ 

We can see that p' has two branches of opposite sign separated by a turning point: since 
p" > 0, the zeros of p'^ are minima. Actually there is a unique turning point po given by 



C2 /c4 



sinhpo = ^Z — + y — +p2. (65) 

A solution of this type is candidate to describe the Hopf fiber correlator: let us consider the 
two possible situations on S^. 



C. No motion in S 



Setting c = the surface will lay at a single point on S^. The p equation simplifies to 

,2 



p'2 = — ^ (sinh^ p-p^)^p' = ± -1^ yjsinh^ p-p^ (66) 



^^ We are rescaling all the c constants by \k\. 

^^ It can be verified that, given the relation between global and Poincare coordinates (see appendix^, t — 

>4 



corresponds to the unit 3-sphcre in R 
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FIG. 2. A representation of the connected surface by means of the stereographic projection of S^. The 
fixed global time slice of AdSc^ is foliated by a family of 3-spheres of radius sinh p. The red circles represent 
the two boundary fibers at p = oo, while the blue ones correspond to fibers going into the AdS interior. The 
fiber radius decreases by moving in the radial direction from the boundary up to the turning point, where 
the radius of the 3-sphere is sinh po = ^/p. 

and the turning point separating the two branches is determined by 



sinhpo = a/p or coshpo = y 1 + P- (67) 

Since p is a nionotonic function of s in each branch, we can express the induced metric in 



terms of t and p as we did for the single fibei 
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sinh p — p 



The area of the surface is given by 

A2{p) = 2 dt dpVh = An\k\ 



dp 



sinh p 



Y sinh p — p^ 



JO J po -J po 

where a factor of 2 has been considered because of the two branches. By setting 



x = coshp, 6=a/1+p, a = a/±(p — 1) 



(68) 



(69) 



(70) 



the area is given by the integral 

A2{P) 



47r|A;| 



lim 



dx- 



X 



"-^oo J,/l+^ a/(x2 - 1)2 -p2 



lim 



dx 



X 



(71) 



''-^°° Jb V^(x2 -62)(a;2 -^ 



h{p)+u, 



^^ The turning point is a coordinate singularity. 
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where the hmit u = cosh(l/e') — )■ oo is understood, and we have definec^^ 

^i^(f^) - bEi^) for a2 = 1 - p > 



hip) 



(72) 



62-1 



K( 



v/^^TFE(^) for 



J9- 1 > 0. 



Since these integrals are finite for every allowed value of p, in this form the divergence coming 
from M — 7- oo is manifest. However, it is exactly the area divergence of the disconnected 

solution and then the difference 

AA{p) _A2ip)-2A, 



h{p) + l 



(73) 



47r|/c| 4:TT\k\ 

is well definec^ for every fixed p. From the plot shown in Fig|3| we can see that the 




-0.10 



-0.15 - 



-0.20 - 



-0.25 l- 



FIG. 3. Plot of -^nr\ as a function of p. 

connected surface has smaller area than the disconnected one for any p {AA{p) < 0): the 
connected solution always dominates. For p — > oo, AA{p) diverges: as shown below, this 
corresponds to the limit of coincident fibers. 



From (63) we can see that the parameter p is related to the boundary conditions on the 



angular coordinates of S^. In order to make everything as simple as possiblq^ we can 

^^ The elliptic integrals of the first, second and third kind with argument (f>, modulus m and parameter n 

are denoted by F{(l)\m), E{(l)\m), !!((/>, n\m) respectively. When (^ = § the argument is omitted and F{m) 

is denoted by K{m). To agree with the conventions of iSTj, we should replace m — > ^/m and exchange 

cj) ^ n. 
^° The same result is obtained by performing the Legendre transform. 
^^ Actually, the general case is straightforward. In fact, upon the use of the second Virasoro constraint, the 

parameter p can be related to the geodesic (or Euclidean) distance of the fibers on the base, which can 

be expressed in terms of [Oi, (pi). 
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consider the particular solution with 0' = (and hence also rj' = 0). In this case each fiber 
is identified uniquely by 6, which is in turn determined by (assuming 6' > 0) 

\v y = . 2 = 77- (74) 

smh p I 

Therefore 

e{p-v) = 2\k\p [ds I = ±2p [dp— --!===. (75) 

J smh p{s) J smhpVsmh^p-p2 

The limit p — t- oo yields the boundary values of 6, that is the fiber positions on the base S*^: 

if on the negative branch we set 9{oo]p) = 9i{p), while 9{oo]p) = 62{p) on the positive one, 

we have 

{0, - 0,){p) ^ AOip) = Ap dp— , . (76) 

Jpoip) smh pv smh p — p^ 

which is indeed a (non-trivial) relation between the angular separation of the boundary 
fibers and the parameter p. The integral above can be evaluated explicitly and we get (with 
the same notations as before) 

fOO -1 



/oo 
dx 



2 



where 



T+P {x^-i)^{x^-iy-p 

oo -| 

=4)0 / dx = = Aphip), 

' /I+p (x2-l)v/(x2-62)(a;2±^2) 



i^n(^|f^)-ir(f^)) fora^ = l-p>0 



(77) 



h{p) ^ { 



(78) 



From the plot in FigJil we can see that at the maximal meaningful separation (A^ = tt) 
we have a disconnected solution {p = 0). The other limit p — t- oo corresponds to coincident 



fibers. In a sense, there is a sort of continuous^ "phase transition" at p = 0. A similar 
phenomenon occurs in the correlator of two parallel and concentric circles (Gross-Ooguri 
phase transition). However, in that case it exists a region where the connected solution has 
area bigger than the disconnected one, and beyond a certain separation it ceases even to 
exist. In our case this situation never happens. 



^^ We mean that the disconnected solution can be continuously obtained from the connected one by going 
continuously from p > to p = 0. As we will explain, this corresponds to a BPS/non-BPS transition. 
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FIG. 4. Plot of AOip). A6i(0) = tt, A6I(oo) -^ 0. 




FIG. 5. Plots of As(p) and (s — so)(p) at p = 0.5. According to (59), As diverges at p = 0. The red line 
represents the boundary value of s. 



From (66) it follows that the implicit form of p{s) is given by 



[s-Sq){p) 



coshp 



dx- 



1 



(79) 



where So{p) represents the turning point p'{so) = 0, p{so) = Po- The range of the parameter 



s can be determined by taking the limit p — t- +cxo 

9 poo 
As{p) = {S2-Si){p) -- 




1 



(80) 



T+-p V(a;2-62)(a;2±^2) 

-KC^) ioTa^ = l-p>0 

7Ap^(^) fora^=p-l>0. 

This is shown in Fig|5J For p — )■ the range diverges, corresponding to the fact that the 
turning point is mapped to the deep interior p — )• of AdS^. Actually, p = describes the 
disconnected solution. 
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D. Motion in S^ 

We will now consider what happens when we allow an S^ motion, namely when c^ > 0. 

that the 



From (66) we can see that the area (69) is simply replaced by 

sinh^ p 



4\k\n 



dp 



Po(c,p) 



a/ sinh^ p — c^ sinh^ p — p^ 



(81) 



where po{c,p) is the unique real positive zero of the square root as determined in (65). By 
setting 



x = coshp, p' = sinh^po(c, p) , B = ^1 + p' , A = ^/±(j/^^l^^cF) , 



(82) 



the area is given as in (71), (72) but with the replacements b ^ B, a -^ A. In the following 



we must be careful about the range of the parameter s: in fact, it is determined by the p 
equation, but it is also the parameter of the S^ motion. From (66) we get 

1 



2 f^ 

{s2- si){p,c) = As{p,c) = v^ I dx 



where p{s -^ 51,2) — > 00 and 



\k\ Jb 7(x2-52)(x2±A2 



\k\ 



h{p,c) 



(83) 



h{p,c) 



m§: 



for A"^ 



1 + c^ -p' > ^ p'^ - c^ <1 



(84) 



fKi 



A2 



ioT A^ = p' - 1 - c^ > ^ p'^ - c^ > 1. 



The parameters p and c are not independent of each other. Rather, they must satisfy a 
compatibility condition. In fact, when the fibers have the same (opposite) scalar charge 



(40) they sit on the same (antipodal) point(s) of S^ at the AdS boundary. Since we have 
considered an 5*^ motion given by (41) 



/3(s) = \k\c{s - So) + f3o, 



(85) 



we must have /3(s2) = /3(si) mod 27r (/3(s2) = /3(si) + tt mod 27r), where /3(si_2) represent 
the boundary values of the S^ angle. Then the compatibility condition 



TT 



\k\cAs{p, c) = nvr ^ chip, c) = n- , n G 2Z (2Z + 1) 



(86) 



must be satisfied. We remark that it is a very strong constraint on the full AdS^ x S^ 
motion, and it turns out there is no solution other than n = c = 0, as shown in Figj6] As 
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FIG. 6. Constant p, c lines of cls{p, 



a matter of fact, the function on the left-hand side of (86) reaches the minimum required 



value only asymptotically for c — t- oo. We conclude that there exists no connected solution 
for two antiparallel Hopf fibers of opposite scalar charge (at least as far as the made ansatz 
is concerned). 

So far, the study of the Hopf fiber correlator has been (almost) purely geometrical, and this 
is motivated by the AdS/CFT geometric prescription to calculate Wilson loop expectation 
values. However, the string dual of a supersymmetric system of DGRT loops is expected to 
be represented by a supersymmetric string surface, and then the surface has to be a solution 
of the sigma model as well as of the K-symmetry equations. In the following section we 
are going to explore this issue for the connected solution, and we will show that it is not 
supersymmetric . 

IV. SUPERSYMMETRY 



In order to verify whether the found solution is a supersymmetric string surface dual to a 
correlator of two DGRT Hopf fibers, we follow an argument proposed in [5] (see also [IS] 
for a general discussion). We will be rather sketchy, and we will refer to that paper and 
references therein for details. 

In AdS^ X S^ the /t-symmetry equations read as 

{e^%X^'d,X''TMN - tGMNdaX^'dkX''^'''^) eAds(X) = 0, (87) 

where F*^ are the 10-dimensional curved space gamma matrices, e"''' is the 2-dimensional 
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antisymmetric tensor and eAds(-^) is the AdS^ x 5*^ conformal Killing spinor. 



To check the supersymmetry of the connected solution, we should plug it into (87). However, 



there is a simpler way to perform such a verification. Let us consider the following equations 

V,^ = daX^^ - Kj^\j^^dbX^ = , X^^ e AdSi xS^ C AdS^ x 5^ 

1 (88) 

where jj' is the canonical complex structure associated to the world-sheet metric and J^^r 
is a certain matrix defined in the subspace 74^5*4 x S*^ where the solution liveq^ It defines 
an almost complex structure (J^ = —1), and represents an elegant way to collect the BPS 
properties of DGRT loops. A surface extending into 74^5*4 x S"^ and satisfying V^^ = 
defines a pseudo-holomorphic surface with respect to J. Since J is related to the BPS 
nature of DGRT loops, dual string surfaces are expected to be compatible with it, i.e. 
pseudo-holomorphic with respect to J. In support of this conjecture, in [5] it has been shown 
that classical pseudo-holomorphic string surfaces are automatically supersymmetric: we are 
interested in verifying whether the found string solution is pseudo-holomorphic. Taking the 
explicit form of J as given in [3] (rewritten in terms of the coordinates we have employed) , 



we can plug the given ansatz into the pseudo-holomorphic equations (88), and the resulting 
independent conditions turn out to be 

p + nk sinh p = , 9' = (p' = rj' = , tj' + (j)' cos 6* = 0. (89) 

We can recognize the equations associated to the 1/2 BPS circular loop {p = 0) and the 
second Virasoro constraint, which is however automatically satisfied by the requirement 
9' = (f)' = rj' = 0. Thus the pseudo-holomorphic equations single out the disconnected 



solution ^^ 



We observe that the connected string solution we found is not describing the connected 
correlator of two DGRT Hopf fibers: the non-supersymmetric nature of the solution can be 
traced back to a "wrong" relative orientation of the boundary circles. To see this, let us 
come back to the definition of a DGRT loop (|3| 

H.h..,^T.^e.p(,:^d.(.-M„.,.-..V;„,,)). (90) 

23 \Ye remind that r = 0. 

^^ We have verified that the same result can be directly obtained from the K-symmetry equations. 
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When 7 is a Hopf fiber (10) parameterized by ip{t) = 2kt, the above operator becomes 

W{^, k)=TiV exp (t I dt (x^A^ - ikcj)^ j (91) 

because (with the conventions of the previous sections) 

e,(p = canst , ^{t) = 2kt ^ 9^ = sign{k)5l (92) 

In considering the correlator {W^ipi, ki)W{ip2, ^2)) of two Hopf fibers, the BPS configurations 
involve equally oriented fibers with the same scalar charge, or oppositely oriented fibers of 
opposite scalar charge. This observation suggests that our non-BPS connected string solution 
describes the correlator of two oppositely oriented Hopf fibers with the same scalar charge. 

In fact, the non-supersymmetric connected solution is characterized by having no motion in 
5*^, implying that the fibers have the same scalar charge. Moreover, the tangential direction 



dt and the radial directior^ dg along one fiber on the AdS boundary define an orientation 
that must be preserved along the world-sheet. However, in the two different radial branches 
the sign of p' is opposite, and hence also the sign of the tangential vector has to be reversed 
to keep the orientation. We get the picture of a pair of antiparallel Hopf fibers with the 
same scalar charge. 

Interestingly enough, our solution is able to interpolate between a BPS configuration and 
a non-BPS one. We saw that for general values of p (or A6) the string surface is not su- 
persymmetric, but for p -^ (or Ad — )■ vr) the solution approaches the disconnected one 
made of a pair of surfaces which are separately 1/2 BPS (single great circle). When con- 
sidered together, one surface halves the preserved supersymmetries of the other, giving rise 
to a 1/4 BPS configuration. This situation can be easily understood from the gauge theory 
viewpoint: the fibers at ^ = and 6 = ti lay on the plane {x^, x^) and (x^, x^) respectively. 
Each loop represents the 1/2 BPS great circle, and the presence of a second circle in the 
orthogonal plane simply halves the components of the independent supersymmetric spinor 
by imposing a chirality condition. The explicit calculation can be found in ^ for the case 
of two DGRT parallel fibers, but the same applies also to the non-DGRT antiparallel fibers 
in the special case 61 = 0, 62 = tt, since the supersymmetry variation becomes insensible 
to the "wrong" sign of the charges. 
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25 P = pis). 

2^ The only difference is a flip of the chirality. 
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V. QUARK-ANTIQUARK STATIC POTENTIAL 

The connected solution we have found represents a system made of a pair of antiparallel 
fibers, with the same scalar charge: in some sense, it can be thought of as a topologically 
non-trivial analogue in S^ of the antiparallel lines describing the static quark- ant iquark 
potential. In fact, when the fibers are sufficiently close to each other (namely A6 — ;■ 0, or 
p — 7- oo), locally they look like straight antiparallel lines. In this picture, we can expect 
that the role of the separation distance L between the lines in the (strong coupling) static 
potential [H |2] 

will be played by A6/2 (in the large p limit), the distance between the Hopf fibers on the 
base in the S^ metric. This will indeed be the case. 

There is a subtle point in this interpretation: while the two antiparallel lines are thought 
as a degenerate rectangular single loop of infinite extension, involving only one trace, we 
are dealing here with the correlator of two loops, involving two different traces. The precise 
relation between the two quantities is well known, involving the physical interpretation of 
the different loop correlators in terms of singlet and adjoint potentials [:38l [39] . 

A quark- ant iquark pair at the same point can be in either a singlet or an adjoint state, 
according to the irreducible representations of the tensor product 

N(^N = 1®{N^-1). (94) 

The usual strategy to extract the quark-antiquark potential from Wilson loop is to relate 
the four point function (in the infinite mass limit) 

G{x,,X2;yi,y2) = {0\TiQ{x^)Q{x2)Q\y2)Q\yi)m (95) 

to the gauge invariant phases, experienced by the fields Q's in their temporal evolution, as 
T — 7- oo. Here xi,2 are placed at T/2 while yi^2 at — T/2 (see [381 EH] for further details). 
The field Q{x) has a color index and the general structure of the correlation function in the 
large T limit, taking xi = yi and X2 = y2, is 

G(fi, X2; T) = Ps exp[-TF5(fi - X2)] + Pa exp[-TV:4(:?i - ^2)]. (96) 
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The matrix operators P^ and P^ project respectively onto the singlet state and the adjoint 



state, according to the decomposition (94). By taking the relevant traces with the projectors 
and relating the four-point functions to correlators of Wilson lines we get the following 
identities: 

exp[-TVs{x, - X2)] = ^{Tt[W{xi)W\x2)]) (97) 

and 

exp[-TV:4(fi -^2)] = J;^{Tr[W{x^)]^r[W\x2)]) - j^ ^j^] _ ^^ ^W ix^)W\x2)]) , 

(98) 
W{x) being the Wilson line in x extending along the Euclidean time. The first relation is 
the familiar definition of the quark- ant iquark potential V^ in terms of antiparallel Wilson 
lines. The second equality gives us instead a physical interpretation of the correlator two 
traced Wilson lines, in terms of the singlet and adjoint potential Va- Using the explicit 
definition of the singlet potential we finally arrive at 

^ e-^^- = W{x,,X2) - ^ e-^^s (99) 

that expresses the normalized connected correlator W{xi, X2) of the two traced Wilson lines 
in terms of the potentials. This is the key relation to derive the quark-antiquark potential, 
in the limit of small separation between the fibers, from the DGRT loops correlator both at 
weak and strong coupling. 

We proceed as follows: assuming for W an expansion in powers of T, we have up to the 
second order in T 

Va = -^^^ {Vs + N'W^) , (100) 



Vs = -Wl±^J{N^-l){2W2-W^). (101) 

In order to keep track of the powers of A^^, we set Va = N^Va, Wi = N'^Wi and W2 = N'^W2, 



so that Va ~ VTi ~ Vs and W2 ~ Vg and the (101) becomes 



2 



y^ + l^^s+^-^^W, = 0. (102) 



The solution to this equation can be written as a power series of ^ 



Ar2 
2 



f» = - V2»'. + ^ [^ + -^ - MM + 0{N~% (103) 
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and, in the large A^ limit, we can expand in power of g^ finding 



.(3) 



Vs = -^J2W?'g^-^^g\ (104) 

This simple result shows that if we want to compute the g^ order of the static potential, we 
need the g^ order for the correlator of Wilson loops. However, the technical difficulties in 
computing Feynman graphs allows only for numerical computations, as in the case of pU] . 
We will not attempt this computation and we will only check the leading order result. 

At strong-coupling, due to the exponentiation property of the Wilson loops correlator, we 
can directly relate our string solution with the singlet potential: let us compute the relevant 



(105) 



A%) = -^, e,^2V2{n{l/2M2)-K{ll2)) = ^^^, (106) 



quantities in the large p limit. The regularized area (73) becomes 

A^ = AA{p) = Aov/p, Ao ^ 4vr (^^(1/2) - V2E{l/2)^ = -^^^ 
and in the same limit the angular separation ((77J) approaches 



obtaining 



Since 



we naturally define 



\ 1 «7^j 



(WWiA^)) ~ e-^^^(P), (108) 



K = _1 \n{WW{Af)) , A9/T « 1, (109) 



where T = 27r is the length of the fiber in the S^ metric. We see immediately that 



~_ 47r2 VA 

r4(l/4)Ae/2 ^^^°^ 

which, as expected, coincides with the function V{L) once we identify L ^ A6/2. 

The same result is manifest also at weak coupling, where at order A we have (appendix [B| 

in agreement with the perturbative calculation for the antiparallel lines [201 EO] 

(iy(t)iy(;))conn=^^, ^-^OO (112) 

provided we identify T = 2tx and L ^ A6'/2, as before. 
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VI. CONCLUSIONS 

In this paper we have studied at string level the correlator of two Wilson loops involving 
Hopf fibers of 5''^ in A/" = 4 SYM theory. The system has been originally introduced in the 
context of Wilson loops in [5j , and it represents an example of topologically non-trivial loop 
configuration. Our main motivation for the study of such a system was indeed to explore 
non-trivial topologies, and to continue the analysis of configurations involving circles. The 
study has been performed at strong-coupling, using AdS/CFT correspondence, and we have 
been able to find a connected string surface linking the two boundary fibers. It has been 
shown that the solution describes the connected correlator of a pair of antiparallel Hopf 
fibers with the same scalar charge. For this reason, we have observed that such a system 
can be thought of as a deformation of the ordinary antiparallel lines describing the static 
quark-antiquark potential. Indeed, we have verified at weak and strong coupling that the 
latter system is recovered in the small separation limit, once the fiber distance is identified 
with distance between the lines. We observed an interesting dynamics, where the string 
solution is able to continuously interpolate between a non-BPS configuration and a BPS one 
by varying a parameter. 

Moreover, our analysis suggests that the correlator of two antiparallel DGRT Hopf fibers does 
not admit a connected string solution, and presumably the parallel ones neither. Of course, 
this is certainly true as far as the considered type of solution is concerned, but it provides by 
no means a general proof. We can only observe that the our ansatz is the most natural and 
minimal one with respect to the Hopf fibration geometry: it seems very difficult to construct 
an inevitably more complicated solution respecting the desired boundary conditions. This 
fact may be considered as a string theory result in favor of the exactness of the matrix model 
for two DGRT fibers. It would be interesting, of course, to check this expectation directly 
in the gauge theory side at higher order in perturbation theory. 

Another interesting direction worth to be studied is the application of the found string solu- 
tion to the holographic calculation of the 3-point correlation function of semiclassical states 
and non-BPS operators [KH - H^] . Even though a precise string description of such observables 
is still a long way off, recently the problem has been faced in the simplified version of consid- 
ering the correlator of two heavy operators and a light one. In some cases two Wilson loops 
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have been considered as the heavy operators f33], and then the semiclassical computation 
of the 3-point function amounts to evaluate the string vertex operator of the hght operator 
over the classical world-sheet generated by the heavy ones. For such calculations an explicit 
and analytical expression of the classical string solution is needed, but only few are known. 
In this paper we have presented a new type of solution, and thus it can be used in that 
context. We defer this possibility to future investigations. 
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Appendices 



Appendix A: Explicit form of the solution 

For completeness, we report here the exphcit form of the functions p{s), 0{s), (f){s), ri{s). 



From (79) we have 



7=f(i2\^) forl-j9>0 
±|fc|(.-.o)=<( ^ .^,"^'^7 (A.l) 

^F(er^) forp-l>0, 



where 



. cosh^ P-I-P V^+P ( A o^ 

/i = arcsm W 5 , e = arccos — . (A-^j 

y cosh p—l+p cosh p 

Therefore^ 

coshp(.) = \ V i-^(Nv^(^--)lfff) ^ ^ ' (A.3) 

.(N^so)l^) forp-l>0. 

P8l 



We see that it is much more convenient to express all the variables as functions oy \ p. As 



far as the angular variables 6 are concerned, we start from the case (p' = r]' = 0. From (75) 
we get 

e-9o = ±2p r dp — T^===^ = ±2pl{p,p), (A.4) 



T+p sinh p ysinh^ P ~ P^ 



where 



'^(2n(-l,/.|l^)-F(Hg)) forl-p>0 



Kp^p) 



(A.5) 



^^((l+p)n(-l,6|^)-,>F(e|^)) forp-l>0 
and the value 9q at the turning point corresponds to the mean value (^i + ^2)/2. 



As observed in Section HH in principle it is possible to work with (t)\rj' 7^ 0. In this case, the 



relevant equations are (55), (56) (we take c^ > 0) 

v' = -<t>'cose, 0' = -T^^^, e'^ = . ^f^\ 4 f sin^ e-$^\ (a.6) 



27 „ _ 
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y = F(0|m), sn(j/) = sin((/)), cn(y) = cos((/)). 

Reminding the relation between global and Poincare coordinates (z, x^) of AdS^^ 

, a;^ = tanhpe^fl'^ , O^ = 1 , ds^ = ^ 



coshp 
one can also easily trade z for cosh p. 
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and (66) 

p' = ± J^ ./sinhV-p2- (A. 7) 

smhp v 

Consistency requires sin^o = ^ < 1? ^o ^ ^ ^ ^ ~ ^o? and the extremum {6' = 0) is taken in 
correspondence of po (^' = p'dpO). Assuming it is located at 6q < 7r/2, from (A. 6) it follows 



/ , = arccos — = ±2pl(p,p). (A. 8) 

cos 5n 



In the case c^ = 0, the expression (A.4) is recovered (except for the integration constant, 



which does not represent any extremum for 9). For 6q = n/2, the left-hand side of (A. 8) is 
not well defined. However, from (A. 6) we can realize that it is consistent to consider 6 = 6o, 



c^ = 2p, and then 9, (p simply exchange the roles with respect to the case c,/, = 0. 
Now that 6 is known, the 0, rj equations can be easily integrated 

d(j) _ c^ 1 _ 1 de 

dp sin^^sinhp^sinhV-p^ sin^^sin^ ^ - sin^ ^o ^/^ 

TT / \/2 COS 9 sin 9q 



^0 



arctan 



v/cos(20o) - cos(20) 
di] cos 9 d9 

dp sin 9 Vsin^ 9 - sin^ 9o dp 



(A.9) 



1 /cos(2eo) - cos(2^) 

Tj — TjQ = — arctan — ■ 

smt^o 

We conclude by observing that there is another derivative that can be turned on, namely r' . 
Throughout the paper we have considered r' = 0, and this is motivated by the fact that we 
wanted to consider fibers on the same 3-sphere. Therefore, on the AdS boundary, r has to 
be the same for the two fibers, and the simpler way to guarantee this is indeed to set t' = 0. 



Appendix B: Perturbative calculations 

We present here the perturbative expansion, up to order A^, of the connected correlator 
{W {'iIji)W {iIj2)) conn of two antiparalM Hopf fibers {ipi = 2t, ip2 = —2s) of equal scalar charge 
{9{92i = 1). The parameters along the two fibers will be denoted by t and s, t,s G [0,27r], 
while points will be denoted by x and y. Reminding the general expression of the propagator 
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([t]), evaluating it on different fiber^we get 



2ra6 



C^^x.y) 



gH' 



in^ 



1 - cos{u) COS (f) COS (^) + sin(M) sin (^) cos (^) 
where u = t + s, A9 = 9i — 6*2, A0 = 0i — 02, while 

^2^afe 



(B.l) 



G"'(X1,X2) 



Svr 



2 ' 



(B.2) 



when the points belong to the same fiber. In the following we are going to consider the 
particular solution A0 = 0, so that the expression above simplifies to 



2s:ab 

G^\x,y) = ^-^^{f{u)-l), f{u) 



l-cos(u)cos(Ae/2)' 



(B.3) 



As far as the U{N) gauge group generators {Ta} are concerned, we follow the conventions 

of Eg 



[Ta, Tb] = ifabcTc , a = 0, 1, 



Jab 



Tr(T,Tfe) = ^, Tr(T,) 



OaO , -to 



fobc — 

1 



/2N 



(B.4) 



a. Order A. The only contribution is from the single exchange diagram 




^5»^Tr (TjTr (T,) ^ dtds (/(«) - 1) = S'^ 



Since 



and 



we get 



^"''Tr (T„)Tr (T^ 



AT 



27r 



'''' (^^") - ^) - (2-)^ Vsm(A./2) 



^^^^-^(^^)(^m(l^-^ 



1 ^F 



(B.5) 



(B.6) 



(B.7) 
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Due to the relation between the orientation and the scalar charge, the propagator is no longer constant. 
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b. Order A^. There are two inequivalent diagrams 




2 , ^^^''^Tr (T,T6)Tr {T,T,)F^ = d['^ 







Since 



we get 



and 



S'"'S"'Tt {TaTt)TT {T,Td) = S^'^S'^Tt {TaT,T,)TT (T^) 



iV2 



(4) ^ 1 I^A 1 f27r^ 

' 4 1471^ ^ ' Vsin2(A0/2) sin(Ae/2) 



+ 1 



4^) = -^-^ (2vr)^^ 2 



1 



(B.8) 



(B.9) 



(B.IO) 



4 V47ry ' ■■' Vsin(A^/2) 
Let us conclude by observing that it is possible to work also with A0 ^ 0. In fact, in this 



case 



F=(27r)M--l , rf= V2(l-cos0icose2-sin^isin^2Cos(A0), (B.ll) 



where d is the Euclidean distance between two points (^i 



1 , \^2,HJ2 



; •ri/l \"Zy 



) on the base S'^. We 



can see that (B.6) corresponds indeed to d\A<t,=o- 
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